We describe the structure of d-dimensional homogeneous Lorentzian G-manifolds M = G/H of a semisimple Lie group G. Due to a result by N. Kowalsky, it is sufficient to consider the case when the group G acts properly, that is the stabilizer H is compact. Then any homogeneous space G/H with a smaller groupH ⊂ H admits an invariant Lorentzian metric. A homogeneous manifold G/H with a connected compact stabilizer H is called a minimal admissible manifold if it admits an invariant Lorentzian metric, but no homogeneous G-manifold G/H with a larger connected compact stabilizerH ⊃ H admits such a metric. We give a description of minimal homogeneous Lorentzian n-dimensional G-manifolds M = G/H of a simple (compact or noncompact) Lie group G. For n ≤ 11, we obtain a list of all such manifolds M and describe invariant Lorentzian metrics on M .
Introduction
We discuss the problem of classification of homogeneous Lorentzian G-manifolds M = G/H of a semisimple Lie group G. We say that a G-manifold M is proper if the action of the isometry group G on M is proper. In contrast with the Riemannian case, there are nonproper homogeneous Lorentzian manifolds, for example, the De Sitter space dS n = SO 1,n /SO 1,n−1 and the anti De Sitter space AdS n = SO 2,n /SO 1,n−1 . A surprising result by Nadin Kowalsky shows that these spaces of constant curvature exhaust all nonproper homogeneous Lorentzian manifolds of a simple group G (up to a local isometry). This result had been generalized by M. Deffaf, K. Melnick and A. Zeghib to the case of a semisimple group G : Any nonproper homogeneous Lorentzian manifold of a semisimple Lie group G is a local product of the (anti) De Sitter space and a Riemannian homogeneous manifold. This reduces the classification of homogeneous Lorentzian manifolds M = G/H of a semisimple Lie group to the case when the stabilizer H is compact. We will always assume that all considered Lie groups are connected. In particular, by a stability subgroup of an action of a Lie group on a manifold we will understand a connected stability subgroup.
We say that a proper homogeneous manifold M = G/H ( and the stability subgroup H ) is admissible if M admits an invariant Lorentzian metric. Then any homogeneous manifold G/H, whereH ⊂ H is a closed subgroup is admissible. We say that M = G/H is a minimal admissible manifold (and the stabilizer H is maximal admissible ) if there is no admissible connected compact Lie subgroupH which contains H properly.
The main goal of the paper is to describe minimal admissible manifolds M = G/H of a semisimple Lie group G and determine invariant Lorentzian metrics on them.
In section 2, we fix notations and recall an infinitesimal description of invariant pseudoRiemannian metrics on a homogeneous manifold M = G/H in terms of the Lie algebras g, h of the groups G, H. In section 3, we give a necessary and sufficient conditions that a proper homogeneous manifold admits an invariant Lorentzian metric. We also give a description of minimal admissible manifolds M = G/H of a group G which is a direct product G = G 1 × G 2 . This reduces the classification of minimal admissible manifolds of a semisimple Lie group G to the case of a simple group. An explicit description of minimal admissible manifolds M = G/H of a simple compact Lie group G and invariant Lorentzian metrics on M is given in section 4. Any such manifold M = G/H is the total space on the canonical T 1 -bundle
over a minimal adjoint orbit
The minimal adjoint orbits corresponds to simple roots α of G and are the orbits of elements t α of a Cartan subalgebra associated with the corresponding fundamental weights.
The stabilizer H α is the semisimple part of the centralizer Z G (t α ). The Dynkin diagram of H α is obtained from the Dynkin diagram of G by deleting the vertex α. Invariant Lorentzian metrics in M = G/H α are described in terms of invariant Riemannian metrics in F α and the invariant connection in the bundle π. If M is not the total space of the sphere bundle over a compact rank one symmetric space, then they depends on m(α) + 1 real parameters, where m(α) is the Dynkin mark associated with the root α.
The section 5 is devoted to investigation of minimal homogeneous Lorentzian manifolds M = G/H of a simple noncompact Lie group G. If G has infinite center, then the stabilizer H is a maximal compact subgroup of G. In the case of a finite center, the coset space S = G/K by a maximal compact subgroup K is an irreducible Riemannian symmetric space with the symmetric decomposition g = k+p. Let H ⊂ K be a closed subgroup and
the corresponding reductive decomposition, where k = h + n. The subgroup H is admissible if the space m H = n H + p H of Ad H -invariant vectors is nontrivial. We say that the associated admissible manifold M = G/H belongs to the class I if n H = 0 and belongs to the class II if p H = 0. Geometrically, an admissible manifold M = G/H belongs to the class I if it admits an invariant Lorentzian metric such that the projection π : M = G/H → S = G/K is a pseudo-Riemannian submersion with Lorentzian totally geodesic fibres K/H. In particular, the orbits of an invariant time-like vectors field on M are circles. An admissible manifold M = G/H belongs to the class II, if it admits an invariant Lorentzian metrics with an invariant time-like vector field which generates a noncompact 1-parameter subgroup R. Classification of minimal admissible manifolds M = G/H of a simple noncompact Lie group G reduces to description of maximal admissible subgroup H of the compact Lie group K. This problem had been solved in section 4. The classification of admissible manifolds of class II of a simple Lie group G reduces to determination of the stabilizers H = K v of minimal orbits for the isotropy representation
of the symmetric space S = G/K. As an example, we determine such stabilizers K v for the group SL n (R) and for all simple Lie groups of real rank one and describe invariant Lorentzian metrics on the associated minimal admissible manifold M = G/K v . Starting from the list of irreducible symmetric spaces G/K of dimension m ≤ 10, by analyzing the isotropy representation j(K) we derive also the list of all class II minimal admissible manifolds
Preliminaries
By a homogeneous manifold M = G/H we will understand the homogeneous manifold of a connected Lie group G modulo a closed connected subgroup H. We identify the tangent space T o M at the point o = eH with the coset space V = g/h where g = Lie (G) is the Lie algebra of G and h = Lie H is the subalgebra associated with the subgroup H. We denote by j : H → GL(V ) (resp., j : h → gl(V )) the isotropy representation of the stability subgroup H ( resp., the stability subalgebra h). It is induced by the adjoint representation of H (resp., h). Since the group H is connected, a tensor T in V is j(H)-invariant if and only if it is j(h)-invariant, that is j(h)T = 0 for all h ∈ h.
Recall the following
Proposition 1 There is a natural bijection between G-invariant Riemannian (resp., Lorentzian) metrics in a homogeneous space M = G/H and j(h)-invariant Euclidean ( resp., Lorentzian) scalar products g o in V . An invariant scalar product g o defines the metric, whose value g x at a point x = L a o := ao, a ∈ G is given by
Sometimes we will identify g o and g and say that g o is an invariant metric in M.
Recall that if the group G acts effectively on a pseudo-Riemannian homogeneous manifold M = G/H, then the isotropy representation is exact and the stability subgroup H is isomorphic to the isotropy group j(H) ⊂ GL(V ). In particular, we have Proposition 2 A homogeneous manifold M = G/H admits an invariant Lorentzian metric if and only if the isotropy representation j defines an isomorphism of the stability group H onto a subgroup L of the connected Lorentz group SO 0 (V ) or, equivalently, isomorphism of the stability subalgebra h onto a subalgebra l of the Lorentz algebra so(V ).
A homogeneous manifold M = G/H is called to be reductive if there is an Ad Hinvariant (reductive) decomposition
In this case, the complementary to h subspace m is identified with the tangent space T o M = g/h and the isotropy representation is identified with the restriction Ad H | m of the adjoint representation. Any homogeneous manifold with a compact stabilizer is reductive.
3 Invariant Lorentzian metrics on a proper homogeneous G-manifolds
Definition 1 An action of a Lie group G on a manifold M is called proper if the map
is proper, or, equivalently, G preserves a complete Riemannian matric on M. In this case G-manifold M is called proper.
The orbit space M/G of a proper G-manifold is a metric space and has a structure of a stratified manifold.
For a nonproper G-manifold, the topology of the orbit space can be very bad, for example, non-Hausdorff, see e.g. the action of the Lorentz group on the Minkowski space. On the other hand, in most cases the isometry group of a compact Lorentzian manifold is compact and, hence, acts properly. G. D'Ambra [DA] proved that the isometry group of any simply connected compact analitic Lorentzian manifold is compact (hence, it act properly). M. Gromov [DAG] states the problem of description of all compact Lorentzian manifolds which admits a noncompact (= nonproper) isometry group. It is a special case of his more general problem of classification of geometric structures of finite order on compact manifold with a noncompact group of automorphisms. Recall the following Proposition 3 Let M = G/H be a homogeneous manifold with an effective action of G. Then the following conditions are equivalent:
An H-invariant metric g o can be constructed as the center of the ball of minimal radius in S 2 (T * o M) ( w.r.t. some Euclidean metric g 1 ) which contains the orbit j(H)g 1 .
A criterion for existence of an invariant Lorentzian metric on a proper homogeneous manifold M = G/H Proposition 4 A proper homogeneous manifold M = G/H admits an invariant Lorentzian metric if and only if the isotropy group
Moreover, let h be a j(H)-invariant Euclidean scalar product and η is the 1-form which defines the hyperplane L ⊥ = ker η orthogonal to L. Then one can associate with (L, h) an invariant Lorentzian scalar product
where λ > 0 is sufficiently big number, which defines an invariant Lorentzian metric in M. Any invariant Lorentzian metric can be obtained by this construction.
Proof. The first claim is obvious. Now we prove that any invariant Lorentzian metric g on M is obtained by this construction. The restriction g o = g| o is a j(H)-invariant Lorentzian scalar product in V = T o M and j(H) is a compact subgroup of the group SO(V ) = SO 1,n−1 which preserves g o . Hence is belongs to a maximal compact subgroup O n−1 ⊂ SO 1,n−1 which preserves a time-like line L = Rt ∈ V . Then h := λη ⊗ η + g o for η := g o (t, ·) and sufficiently big λ > 0 is a j(H)-invariant Euclidean metric such that g = −λη ⊗ η + h. So the Lorentzian metric g is obtained from a Riemannian metric (associated with h) by the described construction.
) be a proper homogeneous Lorentzian manifold with connected stabilizer H. Then it admits an invariant time-like vector field T with g(T, T ) = −1 and the formula
defines an invariant Riemannian metric for any λ > 1.
We will always assume in the sequel that the stability subgroup H is connected.
Definition 2 Proof. Let g = h + m be a reductive decomposition of an admissible manifold M = G/H and
This shows that H ′ is an admissible subgroup.
The above observations reduce the problem of description of admissible homogeneous G-manifolds M = G/H to classification of maximal admissible subgroups H of G and a description of all closed subgroup of the (compact) maximally admissible groups H. The problem of construction of all invariant Lorentzian metrics on a given admissible homogeneous manifold M = G/H with a reductive decomposition g = h + m reduces to a description of all invariant Riemannian metrics on M (or , equivalently, ad h -invariant Euclidean scalar products in m) and a description of the space m H of Ad H -invariant vectors in m.
Example Let M = G/H be an admissible homogeneous manifold with a reductive decomposition g = h + m. Assume that the j(H)-module m admits a decomposition
where m 0 is a trivial module and m i , i > 0 are non-equivalent irreducible modules. Then any invariant Lorentzian metric on M is defined by a scalar product of the form
where g 0 is a Lorentzian scalar product, g i are invariant Euclidean scalar product in m i , i > 0 and λ i are positive numbers.
We will use this construction in the sequel.
Minimal homogeneous Lorentzian G-manifolds where
In this subsection we describe the structure of minimal admissible homogeneous G-
is a direct product of two Lie groups. It reduces the classification of minimal admissible homogeneous manifolds of a semisimple Lie group G to the case of simple Lie group G.
The reductive decomposition of M = (G 1 × G 2 )/H can be written as
where
≃ l is the projection of l to h i and m i is an ad h -invariant complement to the compact subalgebra
Then the subalgebra h 1 + l 1 + h 2 + l 2 generates an admissible subgroup which, by maximality of H, coincides with H. Hence l = 0 and the homogeneous manifold M is a
is maximal admissible if one of the factors, say H 1 is a maximal admissible subgroup of G 1 and the other factor H 2 is a maximal compact subgroup of G 2 . Assume now that m H i = 0, i = 1, 2. Then the compact subalgebra l 1 must have a center and from the condition that H is a maximal admissible subgroup we conclude that l i = Rt i is an 1-dimensional subalgebra of g i and h i + Rt i is its centralizer in a maximal compact subalgebra k i of g i . This implies the following result. 
is the centralizer of an element t i ∈ g i into a maximal compact subalgebra k i := Lie K i of g i , i = 1, 2. The reductive decomposition associated with M = G/H can be written as
This theorem can be applied to the case when G is a semisimple Lie algebra and it reduces the description of admissible homogeneous manifolds of a semisimple Lie group G to the case of simple Lie groups.
Homogeneous Lorentzian manifolds of simple compact Lie group
Let G be a compact simple Lie group. The adjoint orbit F = Ad G t ≃ G/Z G (t) of G is called to be minimal, if the stability subgroup Z G (t) ( which is the centralizer of an element t ∈ g ) is not contained properly in the centralizer of other non-zero element t ′ ∈ g. Recall that the centralizer Z G (t) is connected. It is know, see, for example [Al2] that the orbit F if minimal if and only if Z G (t) has 1-dimensional center T 1 = {exp λt} and can be written as Z G (t) = H · T 1 where H is a semisimple normal subgroup. Minimal adjoint orbits (up to an isomorphism) correspond to simple roots α of the Lie algebra g. Moreover, the Dynkin diagram of the semisimple group H is obtained from the Dynkin diagram of g by deleting the vertex α. We will denote the minimal orbit associated with a simple root α by F α . Below we give the list of all such semisimple subgroups H for all simple Lie groups G:
1 be a minimal orbit associated with a simple root α. Then
is a principal fibration with the structure group T 1 . Denote by
the G-invariant principal connection defined by the condition θ(t) = 1, θ(p) = 0 where
is the reductive decomposition associated with the orbit F α = G/H · T 1 . We say that π is the canonical T 1 bundle with connection over the orbit F α .
It is known that the tangent space T o F α ≃ p as an Ad (H·T 1 ) -module is decomposed into mutually non equivalent irreducible submodules
and the number m of these submodules equal to the Dynkin number m(α) = m i of the corresponding simple root α = α i that is the coordinate m i over α i in the decomposition µ = j m j α j of the maximal root µ with respect to the simple roots α 1 , · · · , α r . This implies that any invariant Riemannian metric g F in F at the point o = e(H · T 1 ) is given by
where b j = −B| p j is the restriction of the minus Killing form −B to p j and λ j are positive constants.
Theorem 2 Any minimal admissible manifold of a simple compact Lie group G is the total space M α = G/H of the canonical fibration over a minimal orbit F = F α = G/H α ·T 1 . Moreover, if M = G/H α is not the total space of the sphere bundle of a compact rank one symmetric space that is
then any invariant Lorentz metric g on M is given by
where θ is the principal connection, g F is an invariant Riemannian metric on F and λ is a positive number. In particular, the metric g depends on m(α) + 1 positive parameters, where m(α) is the Dynkin mark.
Proof. Let M = G/H be a minimal admissible homogeneous manifold of a simple compact Lie group G with the reductive decomposition g = h + m. Denote by t ∈ m an Ad H -invariant non-zero vector. We can assume that t generates a closed one-parameter subgroup since H preserves pointwise the curve exp λt, hence, also its closure in G. The centralizer z(t) of t in g can be decomposed into a direct sum z(t) =h + Rt whereh ⊃ h is a subalgebra which generates a closed subgroupH of G. Since AdH preserves t, the homogeneous space G/H is admissible and due to minimality of M it coincides with M. Hence, H =H and Z G (t) = H · T 1 where T 1 is the closed subgroup generated by t. It is proven in [AS] , that if M is not the total space of the sphere bundle of a compact rank one symmetric space, then all irreducible (H · T 1 )-submodules of the decomposition (1) remain irreducible and non-equivalent as H-submodules. This implies the last claim of the theorem.
5
Homogeneous Lorentzian manifolds of a simple noncompact Lie group
Now we consider minimal admissible homogeneous manifolds of a simple noncompact Lie group G.
Case when the group G has infinite center
Assume at first that G has infinite center. It is known that such group G acts transitively (and almost effectively) on a non-compact irreducible Hermitian symmetric space S = G/K · R with the symmetric decomposition
where Rt is the 1-dimensional centralizer of the Lie algebra k of a maximal compact subgroup K of G and ad t | p is j(K · R)-invariant complex structure in the tangent space p = T o S. Obviously, we get the following Proposition 6 Let G be a simple non-compact Lie group and S = G/K ·R the associated Hermitian symmetric space. Then the manifold M = G/K is the only minimal admissible G-manifold and all invariant Lorentzian metrics on M are defined by the scalar product in m = Rt + p of the form g = −λθ 2 + g p where λ > 0, θ is the 1-form dual to the vector t (such that θ(t) = 0, θ(p) = 0) and p is the invariant Euclidean scalar product in p which defines the symmetric Riemannian metric in S. In particular,
is a pseudo-Riemannian submersion.
Duality
Now we will assume that G is a simple noncompact Lie group with a finite center. Then the quotient S = G/K by a maximal compact subgroup K is a symmetric space of noncompact type. We will denote byŜ =Ĝ/K the dual compact symmetric space. Let g = h + p be a symmetric decomposition associated with the symmetric space S. Then the symmetric decomposition associated withŜ can be written aŝ
In particular, the dual symmetric spaces S,Ŝ have the same stabilizer K and isomorphic isotropy representation j(K) = Ad K | p ≃ Ad K | ip . This implies the natural bijection between (maximal) admissible subgroups H ⊂ K of the dual Lie groups G andĜ. In terms of homogeneous Lorentzian manifolds this can be reformulated as follows.
Proposition 7 There exists a natural one-to-one correspondence between proper homogeneous Lorentzian G-manifolds M = G/H of a simple noncompact Lie group G and homogeneous Lorentzian manifoldsM =Ĝ/H of the dual compact Lie groupĜ such that the stabilizer H belongs to the subgroup K ⊂Ĝ.
Proof. Let M = G/H, H ⊂ K be an admissible G-manifold with reductive decomposition g = h + m := h + (n + p), k = h + n with the invariant Lorentzian metric defined by an Ad H -invariant Lorentzian scalar product g o in m = h + p, then the dual compact homogeneous Lorentzian manifold is the homogeneous manifoldM =Ĝ/H with the reductive decomposition
and the metric defined by the Lorentzian scalar product inm which corresponds to the scalar product g o under the natural isomorphism
A characterization of noncompact homogeneous Lorentzian manifolds of class I and class II
Let M = G/H, H ⊂ K be an admissible homogeneous space of a noncompact simple Lie group G with the reductive decomposition (2). Then the space m Geometrically, homogeneous spaces of the class I and the class II can be characterized as follows.
Proposition 8 An admissible G-manifold M = G/H of a simple noncompact Lie group G belongs to the class I if it admits an invariant Lorentzian metric such that π : M = G/H → S = G/K is a pseudo-Riemannian submersion with totally geodesic Lorentzian fibres over the noncompact Riemannian symmetric space S = G/K. In particular, the invariant time-like vector filed generate a compact group S
1 . An admissible manifold M = G/H belongs to the class II if it admits an invariant Lorentzian metric with a time-like invariant vector field, which generates a noncompact 1-parameter subgroup R.
Proof. Assume that M belongs to the class I. Let t ∈ n H be an H-invariant vector and g = g n ⊕ g p an Euclidean scalar product in m which is a sum of Ad H -invariant scalar product in n and the unique ( up to a scaling) Ad K -invariant scalar product in p. Then the invariant Lorentzian metric in M defined by the Lorentzian scalar product of the form g t,λ = g − λg • t ⊗ g • t for sufficiently big λ satisfies the stated property.
Remark It is possible that a minimal admissible G-manifold belongs to the class I and the class II at the same time.
Let K ⊂ GL(V ) be a linear Lie group. Recall that by the (connected) stabilizer K v of a vector v ∈ V we understand the connected component of the subgroup which preserves v.
Definition 4 Let K ⊂ GL(V ) be a linear Lie group. The orbit Kv of a vector v = 0 is called a minimal orbit is the the ( connected) stabilizer K v does not contained properly in the (connected ) stabilizer K w of any other non-zero vector w. Then the stabilizer K v is called a maximal stabilizer.
The following obvious proposition reduces the classification of all minimal admissible homogeneous G-manifolds M = G/H of the class I to the classification of maximal admissible subgroups H of the maximal compact subgroup K of G and the classification of such manifolds of the class II to the description of maximal isotropy subgroups K v of the isotropy representation Ad K | p of the symmetric space S = G/K.
Proposition 9 Let M = G/H be a minimal admissible homogeneous G-manifold of a simple noncompact Lie group G.
i) If M belongs to the class I, then H is a maximal admissible subgroup of a maximal compact subgroup K ⊃ H of G.
ii) If M belongs to the class II, then H = K v is a maximal (connected) stabilizer of the isotropy representation of the Riemannian symmetric space S = G/K.
be the symmetric decomposition of a symmetric space S = G/K. For any nonzero vector v ∈ p we denote by k v the stability subalgebra of the isotropy representation j(k) and by K v ⊂ K corresponding connected stability subgroup.
Definition 5 The subalgebra k v ⊂ k (resp., corresponding subgroup K v ⊂ K) is called a maximal stability subalgebra (resp.,maximal stability subgroup) if it does not contained properly in any other stability subalgebra (resp., stability subgroup) of the isotropy representation of G/K.
Proposition 10 Let S = G/K be a symmetric space of noncompact type and H ⊂ K a maximal admissible subgroup of K such that the admissible manifold G/H belongs to the class II. Then H = H v is a maximal stability subgroup of K. Conversely, any maximal stability subgroup K v of K is admissible and defines an admissible manifold M = G/K v of the class II.
So the classification of proper homogeneous Lorentzian manifolds of a semisimple noncompact group G reduces to description of maximal stability subgroups K v of the isotropy representation of the associated symmetric space S = G/K.
Due to theorem 1, it is sufficient to describe such subgroups for simple Lie groups.
Homogeneous Lorentzian SL n (R)-manifolds
In this subsection we classify all minimal homogeneous Lorentzian G-manifolds of the class II where G = SL n (R).
Let S = SL n (R)/SO n . We identify S with the codimension one orbit SL n (R)g 0 of the Euclidean metric g 0 ∈ S 2 V * in the space S 2 V * of symmetric bilinear forms in V = R n (or with the space of symmetric matrices). In particular, the tangent space T go S = T o S is identified with the space of S 2 0 (V * ) of traceless (w.r.t. g 0 ) bilinear forms. Let V = U + W be a decomposition of V into a g 0 -orthogonal sum of subspaces of dimension p and q ,respectively, and H = SO(U) × SO(W ) = SO p × SO q the connected subgroup of SO(V ) = SO n which preserves this decomposition. Consider the homogeneous manifold
It has the natural fibration
over the symmetric space S = SL n /SO n with the Grassmannian Gr p (R n ) = SO n /SO p × SO q as a fibre. The Grassmannian is an irreducible symmetric manifold with the symmetric decomposition
Then the reductive decomposition of the homogeneous manifold
can be written as
where ∨ is the symmetric product, b := qg 0 | U −pg 0 | W and S 2 0 U * , S 2 0 W * are irreducible submodules of traceless bilinear forms. As a j(H)-module, the tangent space m is isomorphic to
We get
Proposition 11
The homogeneous manifold M p,q is an admissible manifold. Any invariant Lorentzian metric on it is defined by the scalar product of the form
where λ i , i = 1, 2, 3 are positive constants, g 1 , g 2 , g 3 are the Euclidean scalar products in U ⊗ V, S 2 0 U and S 2 0 W respectively, induced by the metric g 0 and g R 2 is an Euclidean scalar product in R 2 .
The following theorem shows that the spaces M p,q exhaust all minimal homogeneous Lorentzian SL n (R)-manifolds of the class II.
Theorem 3 A minimal admissible homogeneous SL n (R)-manifold M of class II is isomorphic to the manifold M p,q = SL n /(SO p × SO q ) for some p, q with p + q = n.
Proof. The isotropy representation j of the symmetric space S = SL n (R)/SO n is the standard representation of K = SO n in the space T 0 S = S 2 0 R n of traceless symmetric matrices. The stability subgroups of j(SO n ) are SO p 1 ×· · ·×SO ps and maximal admissible subgroups are SO p × SO q . They defines manifolds M p,q .
Homogeneous Lorentzian G-manifolds where G is a simple
Lie group of real rank one
In this subsection we describe minimal homogeneous Lorentzian manifolds M = G/H of the class II for all simple Lie group G of real rank 1. The isotropy group j(K) of the associated rank one symmetric space S = G/K acts transitively on the unit sphere in T o S and the stability subgroups K v of a point 0 = v ∈ T o S is unique ( up to a conjugation), hence, maximal.
The list of all noncompact rank one symmetric space S = G/K is given below, see [H] .
List of rank one noncompact symmetric spaces S = G/K.
We describe corresponding minimal admissible manifolds M = G/H = G/K v of the class II for each of these groups together with the reductive decomposition g = h + m and the decomposition of the tangent space m into irreducible j(H)-modules. It allows to give an explicit description of all invariant Lorentzian metrics on M. ,n e 0 and E = T e 0 RH n is the tangent space with the standard action of the isotropy group SO n = SO(E). We will identify the Lie algebra so 1,n = so(V ) with the space Λ 2 V of bivectors. Then the reductive decomposition of G/K is given by
The stability subalgebra h = k e 1 of a unit vector e 1 ∈ E is so(W ) = Λ 2 W where
is the orthogonal complement of e 1 in E. This implies
Proposition 12
The only class II minimal admissible manifold of the group G = SO 1,n is the manifold M = SO 0 1,n /SO n−1 . It has the reductive decomposition
is an orthogonal decomposition of the Minkowski space V . In particular, m H = R(e 0 ∧ e 1 ).
Case of the group
Let C 1,n = V be the complex pseudo-Hermitian space with the Hermitian scalar product < ., . > of complex signature (1, n) and V = Ce 0 + E = Ce 0 + Ce 1 + W an orthogonal decomposition, such that < e 0 , e 0 >= −1, < e 1 , e 1 >= 1.
The complex hyperbolic space is the orbit
n is identified with E = Ce 1 + W . In matrix notations (with respect to an orthonormal basis e 0 , e 1 , · · · , e n of V ) the reductive decomposition of CH n can be written as
The stability subalgebra k = su n ⊕ Rz 0 , where
We identify the tangent space p = T e 0 CH n = E with the space C n of columns. Then the subalgebra su n acts in p = C n by the matrix multiplication and z 0 as the multiplication by − n n−1 i.
The stabilizer H = K v ≃ U n−1 has the Lie algebra h = k v = su n−1 ⊕ Rz where su n−1 = su(W ) acts trivially on e 0 , e 1 and with respect to the decomposition V = Ce 0 + Ce 1 + W the matrix z ∈ h ⊂ su 1,n is given by
The stability subalgebra h = su n−1 ⊕ Rz annihilates the 2-dimensional space
The Lie algebra su n−1 ⊂ h acts in the standard way on the complementary subspace p ′ = {w ⊗ e * 0 − e 0 ⊗ w * , w ∈ W } ⊂ p isomorphic to W . The element z acts on p ′ as a multiplication by − n+1 n−1 i. The reductive decomposition of the sphere K/H = U n /U n−1 has the form
where z ′ := diag (1, −1, 0 n−1 ) and
The j(H)-invariant subspace n H = Rz ′ and j(z) acts on n ′ ≃ C n−1 as multiplication by − n+1 n−1 i. We get Proposition 13 The only minimal admissible SU 1,n -manifold of the class II is the manifold M = SU 1,n /U n−1 with the reductive decomposition
( We indicate the action of the central element z ∈ h on the corresponding irreducible subspaces.)
Since n H = Rz ′ = 0, the manifold M belongs also to the the class I. The next proposition, which follows from Theorem 2 and Theorem 1, describe all minimal admissible SU 1,n -manifolds of the class I. Let gu n = Rz 0 + su n be the Lie algebra of the group U n and a ∈ su n an element such that R(z 0 + a) generate a closed subgroup T 1 a of U n . Proposition 14 Any class I minimal admissible SU 1,n -manifold is isomorphic to one of the manifolds :
Proof. We have to describe maximal admissible subgroups H of U n . If the Lie algebra h of H contains the center z = Rz 0 , we get c). If the projection of h on z is trivial, then h = su n and we get a). If the projection is non trivial, then h = R(z + a) ⊕ h ′ for some non-zero a ∈ su n , where h ′ is a subalgebra of su n . The reductive decomposition of u n can be written as
where su n = (Ra + h ′ ) + m ′ is a reductive decomposition of su n . The maximally of h implies that Ra + h ′ = z sun (a) and we get b), where T 5.5.3 Case of the group G = Sp 1,n Let V = H 1,n be the quaternionic vector space with a Hermitian form < ., . > of quaternionic signature (1, n) and V = He 0 + E = He 0 + He 1 + W its orthogonal decomposition with < e 0 , e 0 >= − < e 1 , e 1 >= −1. The quaternionic hyperbolic space HP n = G/K = SU 1,n /Sp 1 · Sp n is the orbit HH n = SU 1,n [e 0 ] in the quaternionic projective space HP n+1 . The tangent space T [e 0 ] HH n = E. In terms of an orthonormal basis e 0 , e 1 , · · · , e n of H 1,n , the reductive decomposition of HH n is given by The action j(α, A) ∈ j(h) on (y ′ , Y ) ∈ n is given by j(α, A)(y ′ , Y ) = (αy ′ − y ′ α, AX − Xα).
These formulas implies the following proposition.
Proposition 15
The minimal admissible SU 1,n -manifold of the class II is the manifold M = Sp 1,n+1 /Sp 1 × Sp n−1 with the reductive decomposition sp 1,n = h + m = (sp 1 + sp n−1 ) + (ImH + n ′ + Rv + (ImH)v + p ′ ).
where n ′ ≃ p ′ ≃ H n−1 . In particular, the space m H = Rv is one-dimensional. As (sp 1 + sp n−1 )-module, the tangent space m is isomorphic to
with the natural action of h = sp 1 + sp n−1 . Any invariant Lorentzian metric in M is defined by the scalar product of the form
where g 1 , g 2 are invariant Euclidean scalar products on sp 1 , H n−1 , respectively, h 1 , h 2 are any invariant Euclidean scalar products in R 2 , and λ is a positive constant.
Case of the group G = F 4
We consider the noncompact exceptional Lie group F 4 with maximal compact subgroup K = Spin 9 . The symmetric space OH 2 = G/K = F 4 /Spin 9 is dual to the octonion plane. The isotropy group j(K) acts transitively on the unit sphere S 15 in the tangent space T 0 OH 2 = m with stability subgroup Spin 7 . The irreducible spinor Spin 9 -module p ≃ R 16 as a Spin 7 -module is decomposed into the following irreducible Remark i) The group K v + = SO 3 acts in the space p = Mat 3 = gl 3 (R) by conjugation and its preserves the 1-dimensional space Rv + of scalar matrices and acts irreducibly on the space Λ 2 (R 3 ) of skew-symmetric matrices and on the space S Theorem 4 All minimal admissible class II manifolds M d = G/H of dimension d ≤ 11 where G is a simple noncompact Lie group are described in the Table I . There are also indicated the maximal compact subgroup K of G and the space m = T o G/K of its isotropy representation, the dimension m of the symmetric space G/K and the fibre K/H of the natural G-equivariant fibration M = G/H → S = G/K over the symmetric space S = G/K. 
